Along the general scheme of Sondheimer and Wilson, the kinetic energy density o£ an electron gas under constant magnetic field is expressed as a functional o£ the electron density at absolute zero of temperature. On this basis, the statistical theory for atoms in a magnetic field is formulated, which includes the theory developed by Banerjee et al. as an extreme of high magnetic field. Some numerical results on the atomic radius, the total energy etc. are also shown for free neutral Ne atom. § 1. Introduction
Since it became a widely accepted hypothesis that magnetic fields of the order 10 12~1 0 13 G exist on the surface of pulsars, the properties of atoms under high magnetic field attract a great attention of many physicists. While the problem is rather clear, that is, the Hamiltonian is clearly given, solving the Schrodinger equation seems to be a fairly difficult task. Even for the Hydrogen atom under magnetic field we do not yet know its exact solution.
For many electron atoms, only some preliminary calculations 1 l,,l were reported on the basis of the statistical atom model. Recently, Banerjee, Constantinescu and Rehak 3 l have developed a statistical theory of the atom in a fairly complete form. However, their expression of the kinetic energy as a functional of electron density is still based on the adiabatic hypothesis. In other words it is assumed that the electrons move in Landau orbitals in the direction perpendicular to the magnetic field and the Coulomb field clue to nucleus has an effect only on the motion parallel to the magnetic field. Although the Thomas-Fermi equation they obtained is very simple and shows many elegant characters, we cannot help wondering how exact the adiabatic hypothesis holds.
On the other hand, Sondheimer and Wilson,<J in their elegant article concerning the diamagnetism of free electrons, developed a general and exact scheme of the calculation of the density matrix, the partition function, the free energy, etc. Although they retained only the leading terms for their purpose, if one performs the calculation without any neglection of small ternts, one could get an exact relation between the kinetic energy density and the electron density, on which the statistical theory of atoms is constructed.
Along the line stated above, we will here show an alternative form of the In order to construct the statistical theory of an atom under magnetic field, we should first of all have an expression of the kinetic energy density as a functional of the electron density. We can follow the procedure given by Sondheimer and Wilson. 4 > They retained only the leading terms in calculating the susceptibility of free electron gas, but now we should obtain the energy density and the electron density without any neglection. The reason for this will become clear by later discussion.
The Hamiltonian of a free electron in a uniform magnetic field H directed to the z-axis is given by
where A= (-Hy/2, Hx/2, 0) is the vector potential, -e the electronic charge, m the electron mass. Throughout this paper, we use the atomic unit e=m=h=1, and the most commonly used unit for H; /loH/ Ry = r (/lo =Bohr magneton, H=2.3478X10 9 Gauss for r=1). Then Eq. (2·1) becomes simply
Using this Hamiltonian, Sondheimer and Wilson calculated the free energy per unit volume of a free electron gas, which is expressed as follows:
where n is the electron density, ( Fermi energy, fo Fermi-Dirac distribution function
and z (E) Is the inverse Laplace transform of the partition function 
Since F in Eq. (2 · 6) gives just the kinetic energy density c1, at T = 0, we have from Eqs. (2 · 6) and (2 ·10) (2 ·14) clear from Eq. (2·11) that f(t;)
tends to 1 as !;-'>co. Also we see in Appendix A that f(t;) approaches zero as 3 J t; -1 for ,7-> 1. The wavy character of the variation of f(t;), which is also found in g (0, is the origin of the de Haas-van Alphen effect.
For r->0, t; becomes infinity, so that f(t;) and g (t;) tend to 1. Eliminating ( from Eqs. (2 ·10) and (2 ·14), ck is rewritten as
We have the well-known relation for a degenerate electron gas, on which the usual Thomas-Fermi theory is based. The factor 2 213 originates from the fact that here the spin degeneracy is not taken into account.
On the other hand, for r-"=, t; tends to 1. Using the relations dck=dcddl_=l_t; (2·17) dn dnjdt;
we have
The first term is the zero point energy of n electrons and the second is just the same expressiOn given by Banerjee et al. § 3. The Thomas-Fermi equation
Let us take an atom with the atomic number Z and the electron number 1V, and let it be in a uniform magnetic field of strength r directed to the z-axis.
All electron spins are assumed to be antiparallel to the magnetic field, and the Downloaded from https://academic.oup.com/ptp/article-abstract/59/3/683/1853607 by guest on 08 March 2019 energy due to spin magnetic moments is omitted in the following calculation as a constant. In accordance with Banerjee et al., we define the energy of the atom E as E=Et-rN/2, Et being the total energy of the system and rN/2 the zero point energy. In other words, E is defined as the energy of all the electrons bound together by the nucleus minus their energy when they are free but still in the magnetic field. In the realm of the Thomas-Fermi approximation it is given by (3 ·1)
!r-r'! , (3 ·1c) where Ek is the total kinetic energy of the electrons subtracted by the zero point energy, En the potential energy due to the nucleus, Ee the electron-electron interaction energy. ck and n are the kinetic energy density and the number density of electrons given by Eqs. are the basic equations for determining V (r).
In the following, we assume that the solution V (r) of Eqs. (3 · 6) and (3 · 7), then n (r) too, is spherically symmetric*) because there are no quantities explicitly dependent on the direction of the magnetic :field. If we put
Eqs. (3 · 7) and (3 · 6) are transformed as follows: 
Determination of V 0
Although V0 might be determined by the normalization condition (3 · 2), it can be given by the following physical considerations. We assume that the electron distribution is confined in a sphere of radius r 0, then where and
Ve (r) = -S n (r'l_dr' .
[r-r'f
After a slight manipulation, 6 ) we have ' ---I
\~.) ····----------<~~omas-Fermi (r=O)
. Table   I , the values of r 0 for various r are tabulated. As was mentioned before, it is one of the most remarkable effects due to the magnetic field that the atomic radius becomes finite even for a neutral free atom. Although the atomic radius for the present model is a little bit smaller than that of Banerjee's model (r0 = 3.2197 · (Z/r 2 ) 11 \ see Appendix B), the former approaches the latter as r increases as is expected.
-------------------------
Using the value of q?, Eqs. (3 ·10) and (2 -10), we can calculate the electron density n. The behavior of n against r is shown in Figs. 3 (a), (b), (c) . Table II. Referring to originates from the big difference of the electron density near the nucleus in both models. As far as the ionization energy is concerned, however, we could expect that the present model would give similar results as those of Banerjee et al. Because we can expect from the quantum mechanical perturbation theory that the energy of the atom increases with increasing r when r is small, the behavior of E, in the present model is more reasonable.
The relation between the energy variation against r and the magnetic property of the atom is still an open problem, because in this model the magnetic effect is taken into account only through the local kinetic energy density. Furthermore, it is assumed at the outset that the spin orientation is fixed antiparallel to the direction of the magnetic field. Since this assumption would not be valid for small values of r, the model should be improved in order to include the spin degeneracy effect. These physically interesting problems will be discussed in succeeding papers. 
Behavior f(~) near ~=1.
We put 
The non-Yanishing term in (A ·10) is only from the derivative o£ G~> so that
=~limo·G'(1+o')
. do a~o rr a~o 
